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Abstract. In this paper we extend unification of terms with flexible ar-
ity function symbols with regular expression operators such as repetition
(*), alternation, etc, that are used as types allowing a compact represen-
tation of terms with functors with an arbitrary number of arguments.
This new unification can then be used to unify subterms in the middle
of complexes sequences of terms leading to a quite simple representation
of sequences of arguments.

1 Introduction

In this paper we present a new form of unification, here called regular expression
unification, based on unification of terms with flexible arity function symbols
[15]. Its extra expressiveness comes from the use of regular expressions types to
dynamically unify terms. Let us present an illustrating example.

The following declaration introduces regular expression types describing terms
in a simple bibliographic database:

αbib −→ {bib(αbook+)}
αbook −→ {book(αauthor+, αname)}
αauthor −→ {author(string)}
αname −→ {name(string)}

Type expressions of the form f(...) classify tree nodes with the label f . Type
expressions of the form t∗ denote a sequence of arbitrary many ts, and t+ denote
a sequence of arbitrary many ts with at least one t. Thus terms with type αbib

have bib as functor and their arguments are a sequences of one or more books.
Terms with type αbook have book as functor and their arguments are a sequence
consisting of one or more authors followed by the name of the book.

The next type describes arbitrary sequences of authors with at least two
authors:

αa −→ {(author(string), author(string), author(string)∗)}



To get the names of all the books with two or more authors we just need the
following unification (= ∗ = stands for our regular expression unification and
t :: τ means that term t has type τ):

bib( ,book(X::αa,name(N)), ) =*= BibDoc::αbib.

This unifies two terms typed by αbib. The type declaration in the first argument
is not needed because it can be easily reconstructed from the term. In this case
we bind the variable N to the name’s content of the first book with at least two
authors. Note how the type αa in the first argument of the unification is used
to jump over an arbitrary number of arguments and extract the name of the
first book with at least two authors. All the results can then be obtained, one
by one, by backtracking. This style of unification goes far beyond standard term
unification.

The main contributions of this work are:

1. Sequence types: sequence types are types of sequences of arbitrary length and
play a fundamental role in our work because they are the internal representa-
tion of regular expression types. We define sequence types and then define a
new algorithm to calculate the intersection of any two given sequence types.

2. the definition of a unification algorithm for terms with functors of flexible
arity typed by regular expression types.

In this paper the theorems are presented without proofs. Proofs of every theorem
can be found in an extended version [6]. We start in section 2 by presenting the
related work, then in section 3 we introduce sequence variables and flexible
arity functions. In section 4 we introduce types and the intersection algorithm,
and in section 5 we present Regular Expression Unification. Finally in section
6 we present some simple examples of the application of Regular Expression
Unification to XML processing.

2 Related Work

Languages with flexible arity symbols have been used in various areas: Kutsia
([15]) defined a procedure for unification with sequence variables and flexible
arity symbols applied to an extension of Mathematica for mathematical prov-
ing ([4]). In [5] unification of terms with flexible arity functor was used as the
base of the constraint logic programming language CLP(Flex). The Knowledge
Interchange Format KIF ([12]) and the tool Ontolingua [10] extend first order
logic with variable arity function symbols and apply it to knowledge manage-
ment. Feature terms [21] can also be used to denote terms with flexible arity
and have been used in logic programming, unification grammars and knowledge
representation. Unification for flexible terms has as particular instances previous
work on word unification ([14, 20]), equations over lists of atoms with a concate-
nation operator ([8]) and the work of Makanin for solving equations over free
semigroups ([17]). In all the works cited before unification is untyped. This work
presents a typed version of this kind of unification, where types, besides there



usual use as the guarantee of correctness accordingly to some pre-defined type
information, give a quite compact specification of sequences of arguments with
a similar structure.

The system presented in [23] used types together with a novel form of uni-
fication (simulation unification [3]) for a small subset of the logic XML query
language Xcerpt [2]. The previous work extended tree automata to deal directly
with terms with functors of arbitrary arity. In our work we do not need such
extension because the arbitrary number of arguments in our framework is de-
noted by the notion of sequence that is expressible using two symbols of fixed
arity 2 and 0. Some previous work (including [23]) uses tree automata for typing
XML query languages. Tree automata recognize languages defined by regular
tree grammars ([22]) that correspond to regular types [9], a framework widely
used as type language for logic programming [25, 11, 9]. In this paper we follow
the regular type approach.

Functional languages for XML processing (such as XDuce ([13]) and CDuce
([1]) relied on the notion of trees with an arbitrary number of leaf nodes. However
they dealt with pattern matching, not unification. Regular expression patterns
are often ambiguous and thus presume a fixed matching strategy for making the
matching deterministic. In contrast, our work just leaves ambiguous matching
non-deterministic and examines every possible matching case by backtracking.

Regular expression matching was also used in [16] to extend context sequence
matching with context and sequence variables. This previous work dealt with
matching, not unification, and it was not integrated in a programming language.

There are other approaches to the unification of infinite terms based on ra-
tional trees [7], but in these approaches the problem addressed is different from
ours; rational trees deal with trees with an infinite depth and our approach deals
with trees where each node may have an infinite number of children.

3 Sequence Variables and Flexible Arity Functions

Here we introduce the notion of finite sequence of term as it was done before in
[15, 5].

Definition 1. A sequence t̃, is defined as follows:

– ε is the empty sequence.
– t1, t̃ is a sequence if t1 is a term and t̃ is a sequence

Example 1. Given the terms f(a), b and X, then t̃ = f(a), b,X is a sequence.

Consider an alphabet consisting of the following sets: the set of standard
variables, the set of sequence variables, the set of constants, the set of fixed arity
function symbols and the set of flexible arity function symbols.

Definition 2. The set of terms over the previous alphabet is the smallest set
that satisfies the following conditions:



1. Constants and sequence variables are terms.
2. If f is a flexible arity function symbol and t1, . . . , tn (n ≥ 0) are terms, then

f(t1, . . . , tn) is a term.

We use a special kind of terms, here called sequence terms, for implementing
sequences.

Definition 3. A sequence term, t̄ is defined as follows:

– ε is a sequence term that represents the empty sequence.
– seq(t, s̄) is a sequence term if t is a term and s̄ is a sequence term.

Definition 4. A sequence term in normal form is defined as:

– ε is in normal form
– seq(t1, t2) is in normal form if t1 is not of the form seq(t3, t4) and t2 is in

normal form.

Note that sequence terms in normal form are our internal notation for sequences.
For example, seq(a, seq(b, ε)) is the same as a, b.

Definition 5. Given the sequence terms t̄1 and t̄2, we define sequence term
concatenation as t̄1 + +t̄2, where the ++ operator is defined as follows:

ε ++ t̄ = t̄
seq(t1,t̄2) ++ t̄3 = seq(t1,t̄2++t̄3)

Definition 6. Given a sequence, we define sequence normalization as:

norm(ε) = ε
norm(f(t̄)) = seq(f(norm(t̄)),ε), if t̄ is a sequence term.
norm(t) = seq(t,ε), if t is a term not of the form seq(t1,t̄).
norm(seq(t1,t̄)) = norm(t1) ++ norm(t̄)

In our setting, a term f(t1, t2, . . . , tn), where f has flexible arity, is internally
represented as f(seq(t1, seq(t2, . . . , seq(tn, ε), . . .)), that is, arguments of func-
tions of flexible arity are always represented as elements of a sequence term in
normal form. Also note that the previous functions and definitions are all poly-
morphic in the sense that they apply to sequences of objects of any type. In fact
in this paper we will use seq, norm and ++ applied to types (in section 4.2) and
to terms (in section 5).

4 Types

4.1 Regular Types

The next definitions and examples introduce briefly the notion of Regular Types
along the lines presented in [9].

Definition 7. Assuming an infinite set of type symbols, a type term is defined
as follows:



1. A constant symbol is a type term (a, b, c, ...).
2. A type symbol is a type term (α, β, ...)
3. If f is a flexible arity function symbol and each τi is a type term, f(τ1, ..., τn)

is a type term.

Definition 8. A type rule is an expression of the form α → Υ where α is a
type symbol and Υ is a finite set of type terms.

Example 2. Let α and β be type symbols, α → {a, b} and β → {nil, tree(β,
α, β)} are type rules.

Definition 9. A type symbol α is defined by a set of type rules T if there exists
a type rule α → Υ ∈ T .

We make some assumptions:

1. The constant symbols are partitioned in non-empty subsets, called base types.
Some examples are, string, int, and number.

2. The existence of µ, the universal type, and φ representing the empty type.
3. Each type symbol occurring in a set of type rules T is either µ, φ, a base

type symbol, or a type symbol defined in T , and each type symbol defined
in T has exactly one defining rule in T .

Regular types are the class of types that can be specified by finite sets of type
rules.

4.2 Sequence types

We now use the functor seq defined in section 3 to extend the previous type
language to type sequences of terms: A sequence type is ε or seq(τ, τ̄) where τ is
a type and τ̄ is a sequence type.

Example 3. Given the type symbol αseq, functor f , constant c and type rule
αseq → {ε, seq(f(seq(c, ε)), αseq)}, αseq describes sequences of elements of the
form seq(f(seq(c, ε)), ε), such as ε, seq(f(seq(c, ε)), ε), seq(f(seq(c, ε)), seq(f(
seq(c, ε)), ε)), . . . .

We add sequence types to our type language. Thus, from now on, when we refer
to a type we mean a regular type or a sequence type.

4.3 Regular Expression Types

Regular Expression Types describe sequences of values. We have a notation for
several kinds of sequences of values (*,+,?,| and ,). Note that a sequence of values
is also a value described by regular expression types. Given types a and b, the
following table describes regular expression types:



a∗ sequence of zero or more a’s
a+ sequence of one or more a’s
a? zero or one a
a|b a or b
a,b a followed by b.

We translate regular expression types to our internal sequence notation. The
translation is made accordingly to the rules presented ahead:

a∗ ⇒ α∗ → {ε, seq(a, α∗)}
a+ ⇒ α+ → {a, seq(a, α+)}
a? ⇒ α? → {ε, a}
a|b ⇒ α| → {a, b}
a, b ⇒ αseq → {seq(a, seq(b, ε))}

Definition 10. A type declaration for a term t with respect to a set of type
rules T is a pair t :: α where α is a type symbol defined in T .

Note that in any term t, it is only necessary to declare types for variables since
this is enough to reconstruct the type for t. When a term t is typed by µ (the
universal type) we will omit the type declaration. Thus, in the rest of the paper
when a term appear without its type declaration it is assumed that it is typed
by the universal type µ. We now define the notion of typed unification.

Definition 11. If t1 and t2 are terms and α1 and α2 are types, then t1 :: α1

= ∗ = t2 :: α2 denotes unification of typed terms with flexible arity symbols.

Terms are interpreted on a semantic domain of trees over uninterpreted functors.
Equality between trees is defined in the standard way: two trees are equal if and
only if their root functor are the same and their corresponding subtrees, if any,
are equal. An equation t1 :: α1 = ∗ = t2 :: α2 is solvable if and only if there is an
assignment of sequences or ground terms, respectively, to variables therein such
that the the terms become equal and the corresponding types become equal and
are not empty.

Example 4. Consider the equation a(X, b, Y ) :: αa = ∗ = a(a, b, b, b) :: µ, where
αa is defined by the type rules:

αa −→ {a(µ, b, αy)}
αy −→ {b, (b, αy)}

then the unification gives two results:

1. X = a and Y = b, b

2. X = a, b and Y = b

Note that without the types the solution X = a, b, b and Y = ε would also be
valid.



4.4 Type intersection

The intersection of types plays an important role in our new unification algo-
rithm. In this section we present some definitions, the intersection algorithm,
correctness results and examples.

Empty types are types that only describe the empty set. A useful function
is empty, which returns true if a type is empty and false otherwise.

The function empty and its correctness is presented in [26].
We are now able to present the type intersection algorithm. Note that the

algorithm uses function norm presented in section 3. We use two global variables,
T with the initial set of type rules and I which stores the intersections already
made in order to avoid cycles. Whenever more than one case is applicable the
first one is used. The intersection algorithm is described in figure 1

Example 5. Let us calculate the intersection of seq(α, ε) ∩ seq(a, α) with T = {α
→ {ε, seq(a, α} } and I = {}. This corresponds to the case number 9, seq(α, ε)
∩ seq(a, α) = αf , where I = { (seq(α, ε), seq(a, α) , αf ) }. Two cases follow:

1. norm(seq(ε, ε)) ∩ norm(seq(a, α)) = αf1. This results in ε ∩ seq(a, α) = φ,
thus αf1 = φ.

2. norm(seq(seq(a, α), ε)) ∩ norm(seq(a, α)) = αf2. Then by case 1, seq(a,
seq(α, ε)) ∩ seq(a, seq(α, ε)) = seq(a, seq(α, ε)), thus αf2 = seq(a, seq(α,
ε))

Thus the result is αf → {seq(a, seq(α, ε))}, with T = {α → {ε, seq(a, α} }.

Definition 12. Given a type α defined by the set of rules T , let [α]T be the set
of terms with type α.

Theorem 1. Let α1 and α2 be type terms defined by a set of type rules T . Then
α1 ∩ α2 terminates and returns αf and T ′ and [αf ]T ′ = [α1]T ∩ [α2]T .

5 Unification

Regular Expression Unification extends unification of terms with functors of ar-
bitrary arity [15, 5] by allowing unification only when the intersection of declared
types is not empty. Kutsia showed in [15] that the untyped unification of the
algorithm terminated if it had a cycle check, (i.e. it stopped with failure if a uni-
fication problem gave rise to a similar unification problem) and if each sequence
variable does not occur more than twice in a given unification problem. We also
have the same restriction in the number of occurrences of a variable but we don’t
need to implement the cycle check since we use backtracking.

This algorithm consists of two main steps, Projection and Transformation.
The output of Projection are the inputs of Transformation. The first step, Pro-
jection is where some variables are erased from the sequence. This is needed to
obtain solutions where those variables are instantiated by the empty sequence.
1 == denotes syntactic equality



(1) X ∩ Y = X, if X == Y 1

(2) X ∩ Y = Z, if (X, Y, Z) ∈ I or (Y, X, Z) ∈ I
(3) X ∩ seq(µ, ε) = X
(4) seq(µ, ε) ∩ Y = Y
(5) f(τ1) ∩ f(τ2) = f(τ1 ∩ τ2)
(6) seq(τ1, τ̄1) ∩ seq(τ2, τ̄2) = norm(seq(τ1 ∩ τ2, τ̄1 ∩ τ̄2))
(7) seq(α, ε) ∩ ε = ε,

if
(seq(α, ε), ε, α′) /∈ I,
I = I ∪ {(seq(α, ε), ε, ε)},
α → {α1, α2, . . . , αn} ∈ T
and ∃i.norm(αi) ∩ ε = ε

(8) ε ∩ seq(α, ε) = ε,
if
(seq(α, ε), ε, α′) /∈ I,
I = I ∪ {(seq(α, ε), ε, ε)},
α → {α1, α2, . . . , αn} ∈ T
and ∃i.norm(αi) ∩ ε = ε

(9) seq(α, τ̄1) ∩ seq(τ2, τ̄2) = αf , where αf is a new type symbol and given that
α → {α1, α2, . . . , αn} ∈ T ,
I = I ∪ {(seq(α, τ̄1), seq(τ2, τ̄2), αf )}, NR = {}
for each αi,

norm(seq(αi, τ̄1)) ∩ seq(τ2, τ̄2) = αi,
if empty(αi, {}) = false
then NR = NR ∪ {αi}, 1 ≤ i ≤ n

end for each
if NR is {} then αf = φ
else T = T ∪ {αf → NR}

(10) seq(τ1, τ̄1) ∩ seq(α, τ̄2) = αf , where αf is a new type symbol and given that
α → {α1, α2, . . . , αn} ∈ T ,
I = I ∪ {(seq(τ1, τ̄1), seq(α, τ̄2), αf )}, NR = {}
for each αi,

norm(seq(αi, τ̄1)) ∩ seq(τ1, τ̄2) = αfi,
if empty(αi, {}) = false
then NR = NR ∪ {αi}, 1 ≤ i ≤ n

end for each
if NR is {} then αf = φ
else T = T ∪ {αf → NR}

(11) seq(α, τ̄1) ∩ seq(β, τ̄2) = γ, where γ is a new type symbol and given that,
α → {α1, α2, . . . , αn} ∈ T ,
β → {β1, β2, . . . , βm} ∈ T ,
I = I ∪ {(seq(α, τ̄1), seq(β, τ̄2), γ)}, NR = {}
for each αi and βj

norm(seq(αi, τ̄1)) ∩ norm(seq(βj , τ̄2)) = γk,
if empty(γk, ) = false,
then NR = NR ∪ {γk}, 1 ≤ k ≤ w where w = n ∗m,

end for each
if NR is {} then γ = φ
else T = T ∪ {γ → NR}

(12) τ1 ∩ τ2 = φ, if none of the previous rules is applicable.

Fig. 1. Intersection of sequences of types



The second step, Transformation is defined by a set of rules where the non-
standard unification is translated to standard first-order term unification. We
consider that upper case letters (X,Y ,. . . ) stand for sequence variables, lower
case letters (s,t,. . . ) for terms and overlined lower case letters (t̄, s̄) for sequence
terms.

Example 6 (projection). Let T1 = f(b, Y, f(X)) and T2 = f(X, f(b, Y )) and let
A be the set of variables erased from the unification. In the projection step we
obtain the following cases (corresponding to A = {}, A = {X}, A = {Y } and A
= {X, Y }):

– T1 = f(b, Y, f(X)), T2 = f(X, f(b, Y ))
– T1 = f(b, Y, f), T2 = f(f(b, Y ))
– T1 = f(b, f(X)), T2 = f(X, f(b))
– T1 = f(b, f), T2 = f(f(b))

As it was mentioned before, we assume type declarations only for variables in
terms and sequences. In [15] it is shown that each unification problem generates
a tree. Each branch of the tree corresponds to a finite computation leading to
one of two possible results: success if the unification algorithm ends returning a
substitution and failure if the unification fails. These trees may have an infinite
number of branches. Each successful branch yields some answer composed by
the set Θ = { θ1, . . . , θn} where each θi is a substitution associated with step i
of the computation described by the branch.

An unification problem succeeds if at least one branch of the associated tree
is successful.

To present unification we need the following auxiliary definitions.

Definition 13. Given a sequence term (that may have type annotations), the
type function returns its type.

type(ε) = ε
type(seq(X :: α, s̄)) = seq(α, type(s̄)), X is a variable and s̄ is a sequence
type(seq(f(t̄), s̄)) = seq(f(type(t̄)), type(s̄)), t̄ and s̄ are sequences
type(seq(c, s̄)) = seq(c, type(s̄)), c is a constant and s̄ is a sequence

For example, type(seq(X :: α, ε)) = seq(α, ε)
The tr function when applied to a sequence term t and a type τ , types t with

τ .

Definition 14. Here we define funcion tr:



tr(c, c) = c, if c is a constant
tr(c, seq(c, ε)) = c, if c is a constant
tr(X :: α, β) = X :: β, α and β are type symbols
tr(X :: α, t̄) = X :: α1, where α is a type symbol, t̄ is a sequence term or

constant and α1 is a new type symbol defined by α1 → {t̄}
tr(f(t̄1), f(t̄2)) = f(tr(t̄1, t̄2))
tr(seq(t, ε), s) = seq(tr(t, s), ε), if s is not of the form seq(s1, s̄)
tr(t̄, α) = t̄′ where α → {α1, . . . , αn} and

tr(t̄, α1) = t̄′1
...
tr(t̄, αn) = t̄′n
where
vars(t̄′1) = {X1 :: β11, . . . , Xn :: β1n}
...
vars(t̄′n) = {X1 :: β1n, . . . , Xn :: βnn}
for each Xi create a new type symbol γi where

γi → {βi1, . . . , βin}, now t̄′ is t̄, where each type associated
with each variable Xi is replaced by the corresponding γi

tr(seq(t1, t̄), seq(s1, s̄)) = seq(tr(t1, s1), tr(t̄, s̄))

Example 7. Given a sequence of a’s or b’s whith an a at the head represented
by seq(a, seq(X :: α)) where α → {ε, seq(a, ε), seq(b, ε)}, its type can be re-
stricted to a sequence of one or more a’s given by seq(a, seq(α1, ε)) where,
α1 → {ε, seq(a, ε)}. This is done by applying tr:

tr(seq(a, seq(X :: α, ε)), seq(a, seq(α1, ε))) =
seq(tr(a, a), tr(seq(X :: α, ε), seq(α1, ε))) =
seq(a, seq(tr(X :: α, α1), tr(ε, ε))) =
seq(a, seq(X :: α1, ε))

as a result X is now typed by α1.

Theorem 2. Given a sequence t̄ and a type α, which results from the intersec-
tion of type(t̄) with another sequence type, then:

tr(t̄, α) = s̄ ⇒ type(s̄) = α

We now present the transformation algorithm. Note that transformation uses the
norm function to normalize sequences of terms. The transformation algorithm is
presented as a set of rewrite rules in figure 2. When none of the rules is applicable
the algorithm fails. Note that = stands for standard Robinson unification [18]
and that rules 6, 7, 8 and 9 are non-deterministic: for example rule 6 states that
in order to solve seq(X :: α, t̄) = ∗ = seq(s1, s̄) we can solve t̄ = ∗ = s̄ with
X = tr(norm(s1), α1) or we can solve norm(seq(X1 :: β1, t̄)) = ∗ = norm(s̄)
with X = tr(seq(s1, seq(X1 :: β, ε)), α1). At the end the solutions given by the
algorithm are normalized by the normalization function.

Example 8. Given the variable X and the type α, with type rule α → {ε,
seq(a, α)}, let us calculate seq(X :: α, ε) = ∗ = seq(a, seq(a, ε)) By rule number
6 the algorithm first tries:



Success
(1) t = ∗ = s =⇒ True, if t == s
(2) X :: α = ∗ = t =⇒ X = tr(norm(t), α1) if X does not occur in t,

seq(α, ε) ∩ type(t) = α1,
empty(α1) = false

(3) t = ∗ = X :: α =⇒ X = tr(norm(t), α1) if X does not occur in t,
seq(α, ε) ∩ type(t) = α1,
empty(α1) = false

Eliminate
(4) f(t̄) = ∗ = f(s̄) =⇒ t̄ = ∗ = s̄
(5) seq(t1, t̄) = ∗ = seq(s1, s̄) =⇒ t1 = ∗ = s1,

t̄ = ∗ = s̄
(6) seq(X :: α, t̄) = ∗ = seq(s1, s̄) =⇒ X = tr(norm(s1), α1),

X does not occur in s1,
seq(α, ε) ∩ type(seq(s1, ε)) = α1,
empty(α1) = false,
t̄ = ∗ = s̄.

=⇒ X = tr(seq(s1, seq(X1 :: β, ε)), α1),
where X1 is a new variable,
β a new type symbol defined by β → {µ},
β1 the new type of X1 in X,
α1 = seq(α, ε) ∩ type(seq(s1, seq(X1 :: β, ε))),
empty(α1) = false,
norm(seq(X1 :: β1, t̄)) = ∗ = norm(s̄).

(7) seq(t1, t̄) = ∗ = seq(X :: α, s̄) =⇒ X = tr(norm(t1), α1),
X does not occur in t1,
seq(α, ε) ∩ type(seq(t1, ε)) = α1,
empty(α1) = false,
t̄ = ∗ = s̄.

=⇒ X = tr(seq(t1, seq(X1 :: β, ε)), α1),
where X1 is a new variable,
β a new type symbol defined by β → {µ},
β1 the new type of X1 in X,
α1 = seq(α, ε) ∩ type(seq(t1, seq(X1 :: β, ε))),
empty(α1) = false,
norm(t̄) = ∗ = norm(seq(X1 :: β1, s̄)),

(8) seq(X :: α, t̄) = ∗ = seq(Y :: β, s̄) =⇒ X :: γ = Y :: γ, where
γ = seq(α, ε) ∩ seq(β, ε), empty(γ) = false,
t̄ = ∗ = s̄.

=⇒ X = tr(seq(Y :: β, seq(X1 :: β1, ε)), γ),
where X1 is a new variable,
β1 is a new type symbol defined by β1 → {µ},
γ = seq(α, ε) ∩ type(seq(Y :: β, seq(X1 :: β1, ε)),
empty(γ) = false,
β2 is the new type of X1 in X,
norm(seq(X1 :: β2, t̄)) = ∗ = norm(s̄).

=⇒ Y = tr(seq(X :: α, seq(Y1 :: α1, ε)), γ),
where X1 is a new variable,
α1 is a new type symbol defined by α1 → {µ},
γ = seq(α, ε) ∩ type(seq(X :: α, seq(Y1 :: α1, ε))),
empty(γ) = false,
α2 is the new type of Y1 in Y ,
norm(t̄) = ∗ = norm(seq(Y1 :: α2, s̄)).

Split
(9) seq(t1, t̄) = ∗ = seq(s1, s̄) =⇒ if t1 = ∗ = s1 =⇒ r1 = ∗ = q1 then

norm(seq(r1, t̄)) = ∗ = norm(seq(q1, s̄))

.

.

.
=⇒ if t1 = ∗ = s1 =⇒ rw = ∗ = qw then

norm(seq(rw, t̄n)) = ∗ = norm(seq(qw, s̄)),
where t1 and s1 are compound terms.

Fig. 2. Transformation rules



– seq(α, ε) ∩ seq(a, ε) returns a new type αf1 where αf1 → {seq(a, ε)}. αf1 is
not empty, thus the algorithm proceeds evaluating ε = ∗ = seq(a, ε) which
will fail.

– Then (by the second alternative of rule 6), a new variable X1 is created
and a new type symbol β is associated to it such that β → {µ}. By the
intersection algorithm, a new type symbol αf2 is created with type rule αf2

→ {seq(a, αf3)} and αf3 → {ε, seq(a, αf3)}. Now X = tr(seq(a, seq(X1 :: β,
ε)), αf2), where:

tr(seq(a, seq(X1 :: β, ε)), αf2) =
tr(seq(a, seq(X1 :: β, ε)), seq(a, αf3)) =
seq(tr(a, a), tr(seq(X1 :: β, ε), αf3)) =
seq(a, seq(tr(X1 :: β, αf3), ε)) =
seq(a, seq(X1 :: αf3, ε))

Now, the algorithm proceeds with the unification, seq(X1 :: αf3, ε) = ∗ =
seq(a, ε). Thus it intersects seq(αf3, ε) with seq(a, ε) resulting in αf4 →
{seq(a, ε)} and X1 is instantiated with seq(a, ε). The algorithm succeeds
with X = seq(a, seq(a, ε)).

In the following theorem we will use the notion of substitution presented in [15].

Theorem 3 (Soundness). Let Θ be the answer substitution of the equation
t1 = ∗ = t2. Then:

1. Θt1 = Θt2
2. type(t1) ∩ type(t2) = type(t), where t = Θt1 = Θt2

6 Application to XML processing

Ideas presented in this paper are used in the XML processing language XCen-
tric (http://www.ncc.up.pt/xcentric/). Regular expression types are a model for
XML grammars such as DTDs, and regular expression unification can be used
in a highly declarative setting for XML processing. We now present simple ap-
plication examples.

In XCentric, programs have a syntax similar to Prolog extended with the
new constraint = ∗ =, and type rules α → {τ1, . . . , τn} are represented by
the declaration :-type α - - -> τ1; . . . ; τn. The operational model is the same
of Prolog and we shall assume that the domain of interpretation of variables
is predetermined by the context where they occur. Variables occurring in an
equation of the form t1 = ∗ = t2 are interpreted in the domain of sequences of
trees, otherwise they are standard Prolog variables. Therefore, each predicate
symbol, functor and variable is used in a consistent way with respect to its
domain of interpretation.

DTDs (Document Type Definition) [24] can be trivially translated to regular
expression types and an XML document is translated to a term with flexible
arity function symbol. This term has a main functor (the root tag) and zero or



more arguments. Although our actual implementation translates attributes to a
list of pairs, since attributes do not play a relevant role in this work we will omit
them in the examples, for the sake of simplicity.

Example 9. Consider the simple XML file:

<addressbook>

<record><name>John</name>

<address>New York</address>

<email>john.ny@mailserver.com</email>

</record>

<record><name>Sofia</name>

<address>Rio de Janeiro</address>

<phone>123456789</phone>

<email>sofia.brasil@mail.br</email>

</record>

</addressbook>

This XML file is valid accordingly to the following DTD:

<!ELEMENT addressbook (record*)>

<!ELEMENT record (name,address,phone?,email)>

<!ELEMENT name (#PCDATA)>

<!ELEMENT address (#PCDATA)>

<!ELEMENT phone (#PCDATA)>

<!ELEMENT email (#PCDATA)>

The XML file corresponds to the following term:

addressbook(record(name(’John’),

address(’New York’),

email(’john.ny@mailserver.com’)),

record(name(’Sofia’),

address(’Rio de Janeiro’),

phone(’123456789’),

email(’sofia.brasil@mail.br’)))::type_addr

Where type addr is described by the following type rule:

:-type type_addr ---> addressbook(record(name(string),address(string),

phone(string)?,email(string))*)

From now on, whenever a variable is presented without any type information it
is implicitly associated with the universal type any (which types any term).

Through the following examples we will use the builtin predicates xml2pro
and pro2xml which respectively convert XML files into terms and vice-versa.

Example 10. We use a new syntax for sequences of elements: () stands for the
empty sequence and (e1, . . . , en) stands for the sequence of elements e1 to en.
In this example we use the address book document presented before. In this
address book we have sometimes records with a phone tag. We want to build
a new XML document without this tag. Thus, we need to get all the records
and ignore their phone tag (if they have one). This can be done by the following
program (this example is similar to one presented in XDuce [13]):



:-type type_a ---> addressbook(record(name(string),address(string),

phone(string)?,email(string))*).

:-type type_r ---> record(name(string),address(string),email(string)).

translate:-

xml2pro(’addressbook.xml’,Xml),

process(Xml,NewXml),

pro2xml(NewXml,’addressbook2.xml’).

process(A,NewA):-

A::type_a =*= addressbook(A2),

r_without_phone(A2,A3),

newdoc(addressbook,A3,NewA).

r_without_phone((_,X::type_r,S2),(X,S3)):-!,

r_without_phone(S2,S3).

r_without_phone(_,()).

7 Conclusion and Future Work

In this paper we define regular expression types and show there use as a compact
representation of sequences of terms in a new algorithm for the unification of
terms with functor of flexible arity. There is now ongoing work applying these
ideas in a statically typed version of XCentric. Another direction for future
work is to enrich the type language by pushing the limits of what can be used
as a compact representation of sequences of terms (languages similar to some
constructions in XML-Schema [19] seem to be a good candidate).
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